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Digital Generation of Random Forces
for Large-Scale Experiments
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Response cross spectral density is determined for a wing structure represented by a discrete system of masses
subject to a stationary gust field. Response cross spectral density due to jack loads to be imposed for fatigue
testing in a laboratory is then obtained. By employing an equivalence relation between these cross spectral den-
sities and simulation techniques of multivariate random processes, time histories of jack loads are produced. To
illustrate the application of this method, two numerical examples for an idealized wing-gust interaction model
are presented.
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= wing surface area at /th location
= elements of triangular torsional moment
arm matrix

= damping coefficients of vertical and tor-
sional motion, respectively

= chord length
= sectional lift coefficient
= distance between center of gravity and
elastic axis

= elements of matrix d
- inverse moment arm matrix
= distance between aerodynamic center
and elastic axis

= inverse of by
- modulus of elasticity
= generalized random force ofyth mode
= actuator force at /th location
= shear modulus
= impulse response function of the yth
mode

= vertical wing motion
= frequency response function of the yth
mode

= index
--J~-l
= moment of inertia
= mass moment of inertia per unit span of
torsional motion about wing elastic axis

= index
= mass moment of inertia about wing
elastic axis
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= stiffness coefficients
= distance between discrete mass points
= lift due to gust loading
= discrete mass at /th location
= generalized mass of they'th mode
= bending moment due to gust loading
= bending moment due to the actuator

loading
= moment loading due to gust
= external random gust loading (pressure)
= generalized coordinate for the /th mode
= autocorrelation funcjtion of gust load

P ( t )
= cross correlation of bending moment
= triangular matrix which is related to

matrix S
= elements o f matrix R
= cross-spectral density matrix correspon-

ding to wing response due to gust
loading

= cross-spectral density matrix correspon-
ding to wing response due to the ac-
tuator loading

= spectral density of gust loading
= cross-spectral density of bending

moment
= cross-spectral density of actuator

loading
= vertical gust velocity spectrum
= time
= twisting moment about wing elastic axis
= freestream velocity
= vertical wing displacement
= vertical gust velocity component
= distance which locates discrete masses
= moment arm at /th location (/* = / +1)
= distance which locates actuator force
= torsional motion
= angle of attack
= indices
= damping ratio
= air density
= time
= /th modal shape
= random phase angles uniformly

distributed between 0 and ITS
= frequency
= modal frequencies
= u/U'«,, reduced frequency
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I. Introduction

FATIGUE in flight structures is a problem for
which no completely acceptable answers are available yet.

Even though various modern design and testing techniques
are utilized for construction of flight vehicles, flight structures
are not completely free from failures attributable to fatigue.
Although the need for a large or full scale laboratory test is
now generally recognized, particularly for structural com-
ponents of advanced composite materials, the choice of
loading to be imposed remains relatively uncertain. Previous
tests indicate that a load history or sequence in service could
produce a considerably different damage rate from that due
to a simplified sequence used for laboratory purposes1'5.
Thus, the main purpose of this paper is to obtain an
equivalent load for laboratory testing which would produce
the same response as sensed by the structure in actual flight.

In fatigue tests of full or large scale structures subject to
random loads, it is necessary to produce as close as possible
the same response characteristics as observed in actual flight.
The mechanical capability of testing equipment in application
to full or large scale structures is limited, however, in that the
real time simulation is not quite possible when the rate of
loading is high, and that distributed load conditions are dif-
ficult to reproduce in experiments; in reality, only a finite
number of hydraulic jacks can be utilized to reproduce in-
dividual concentrated loads. Therefore, an effort has been
made in the present study to generate forcing functions to be
applied through the jacks which can reproduce the actual
response history within a laboratory model at least at a finite
number of cross sections.

We recognize that in establishing a sequence of loads for
testing that will reflect what an airplane experiences in an ac-
tual flight, it is important to reproduce the variations in rms
gust velocity throughout the flight and from flight to flight. In
fact, this is being accomplished in some recent studies.6 The
present study, however, focuses on the generation of load
histories within individual patches of turbulence which are
considered to be stationary in approximation.

To obtain such forcing functions the simulation methods
developed for multidimensional and multivariate random
processes are utilized7'8 together with Fast Fourier Transform
(FFT) technique. The essential feature of this approach is that
a random process can be simulated through a series of cosine
functions with weighted amplitudes, arbitrary but evenly
spaced frequencies (or wave numbers), and random phase
angles uniformly distributed between 0 and 2?r. For a
multidimensional simulation, spectral density of the random
process needs to be specified, while for a multivariate simula-
tion cross spectral density matrix is required.

For the purpose of illustration only, a highly simplified
example of a flexible airplane wing penetrating a gust region
is considered. The airplane rigid body modes and the non-
steady aerodynamic loads are riot included. Furthermore, it is
assumed that the gust field is composed of only vertical gust
velocity, which is taken to be uniform over the wing surface
although a stationary random process in time. The wing struc-
ture is idealized as a discrete mass system with random forces
due to gust applied at each station (Fig. 1). The bending
moment response of this wing is obtained by employing the
modal method.

Station 0 1 2

II. Structural Analysis
Consider a wing structure represented by a discrete system

consisting of n masses as shown in Fig. 1. Disregarding tor-
sional displacements, vertical displacement response at an ar-
bitrary point / can be written as

M

(1)

in which fy (*,.) is the value of theyth normal mode at x=x{
and Qj(t) the corresponding generalized coordinate. The
summation in Eq. (1) extends up toM( <ri) depending on the
necessity. Considering the aerodynamic loading to be quasi-
steady and neglecting the aerodynamic forces induced by wing
motion due to gust, the equation of motion for the above
elastic discrete system can be expressed as

Mj (2)

where £y are damping ratios and a>7 natural frequencies. The
generalized mass M, and generalized random f o r c e F j ( t ) can
be written as

Fj(t}=

(3)

(4)

with/?(*,,/) being the external random gust loading acting on
that part of the wing area which is discretized as the /th mass.

By considering that the turbulence field does not change
much during the time required for an air particle to pass over
the wing, and assuming that it is spatially uniform over the
wing surface but varies as a stationary random process, the
gust loading spectrum, the response of this wing would be
mainly concentrated in the first cantilever bending mode,
associated with the /th mass. Then, Eq. (4) reduces to

F j ( t ) = p ( t ) (5)

This kind of gust loading idealization might correspond to a
limiting case where a wing span is small in comparison to the
scale of turbulence.9'10 Then for a typical one-dimensional
gust loading spectrum, the response of this wing would be
mainly concentrated in the first cantilever bending mode.

To find bending moment response at station /, we can write

MB(xht)= (6)

in which x^— xt are moment arms and k^v stiffness coef-
fidients. Substitution of Eq. (1) into Eq. (6) gives

M

P=I+I v=i j=i (7)

By assuming that the random excitation has operated for a
sufficiently long time and the effect of initial conditions have
died out, response <?, ( t) can be written as

hj(t-r)Fj(T)dr (8)

where hj (t) is the impulse response function of theyth mode.
From Eqs. (7) and (8)

Fig. 1 Simplified problem, geometry-simulation. (9)
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Taking square and then expectation of Eq. (9) and utilizing Eq. (5), the correlation of bending moments at xt and xk
(autocorrelation if i = k and cross-correlation if /V k) can be written as

J oo r»oo

h j ( t - r ) hj,(t+T-T'])Rp(T']-T1)dT1dT'1
— OO J — OO (10)

where Rp(r) is the autocorrelation function of p(t) defined
inEq. (5).

Applying the Weiner-Khintchine transform to Eq. (10), the
spectral densities (spectral density if i = k and cross spectral
density if i^k) of bending moments are obtained as

in which ///(co) is the well known frequency response func-
tion of theyth mode, and Sp (co) is the pressure spectrum, the
Weiner-Khintchine transform of Rp (T) ;

(12)

Actuator Loading Corresponding to Bending Moment Spectral
Density

To obtain spectral density of the actuator loads for
laboratory testing which would produce the same bending
moment as described by Eq. (11), consider the wing given in
Fig. 1 but with inertia forces neglected. This approximation is
valid when the rate of actuator loading is slow, such as in the
case of testing full scale wings. Choose a number of points
(say r) at stations y (Fig. 1) where the actuator forces Ff
(i = l,2,...,r) are applied on the wing, and obtain a new
system of governing equations. The bending moment at some
arbitrary point x^ can then be written as

M(x9,t)= (13)

where i> = Q,I,2,...,r — 1. By inverting the above equation, the
applied forces F, can be found as

r-l

Fi=F(yht)= (14)

where / = 7,2,...,r, and the elements diit can be found by in-
verting the moment arm matrix [L]

with

yr-xr_1 j

(15)

(16)

The fact that Eq. (13) is a square-matrix transformation is
significant. It implies that to reproduce the response spectral
density at n points on the structure, we need to apply the
same number n of actuator loads.

Then, spectral density corresponding to actuator loads Ft is
r-l r-7

v=0 v=0

By setting S^ = SM we obtain the required spectral density for
the actuator loading. In this way we can take the effect of
inertia into account. Thus,

r-l r-l

(18)

where SM is given in Eq. (11).
Utilizing simulation procedures7'8 of multivariate random

processes (see Appendix), time histo/ies of actuator loading
can be produced using the spectral density given in Eq. (18).

To obtain spectral density S^ (co) necessary in Eq. (11), con-
sider the beam to be of unit width. Then, the lift force acting
on the wing through elastic axis per unit length is

L(t)=p(t)= — dC£

(19)

in which dC/Yda = lift curve slope. Taking the lift-curve slope
to be a constant along the span and equal to 2ir, spectral den-
sity corresponding to the lift force is

(20)
where the vertical gust spectrum Sw (o>) is taken to be12

Sw (o^)= 6.6916^-L4331; ftVsec

for o>>0.391 rad/sec, and)

= 15.9 (21)
for 0§ co ̂ 0.391, rad/sec j

In Eq. (21), the proper transformation from SWz (Q),
Q = oj/C/oo, to S (co) for U^ = 800 fps has been included.

III. Numerical Examples
a) Two-mass Discrete System. Consider'an airplane wing

idealized by a structure shown in Fig. 2. For this structure,
mass and influence coefficient matrices are, respectively,

6m "1m J
(22)

F*<t)

m1 rrij
El (ZZ\ El El

K^X£<3 fe^J I

- ———————— 31 —————————
-* ————————————————— Al

m1 = 6rri2 = 6m

x: locations at which moments are computed
Fig. 2 Two mass system.
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[a] =!3/6EI
2 8

8 54

Then, the stiffness matrix can be found from

81 -12

-12 3

Natural vibration frequencies can be obtained from

1=0

101

(23)

(24)

(25)

Spectral Density of
Bending Moment SM

in which [/] is the identity matrix. Solving Eq. 25

(26)

Corresponding to these frequencies, the normal modes are

0.168 "I C 1.036h (**) H
1.0 J I -1.0

(27)

For the purpose of this study, we choose £=9 ft, El— 3 x
10V144 lb-ft2, AW = 1600/32.2 Ib-sec2/ft, C/^800 fps, and
p =0.0089 Ib-secVft4 (30,000 ft altitude). Then, a>, = 17.5
rad/sec, o>2=64.4 rad/sec. Taking A1 = \.5^9 A2=2t and
w = 2, bending moment spectral density is obtained from Eq.
(11) in terms of pressure spectral density Sp(u). Numerical
values of bending moment spectral density at x0 = 0 and jc/ =£
are plotted in Fig. 3. The spectral density of actuator forces is
shown in Fig. 4. The time histories of the actuator forces are
plotted in Figs. 5 and 6.

b) Wing of a Jet Transport. Consider a wing of a jet tran-
sport as shown in Fig. 7. The wing is idealized as a discrete
mass system shown in Fig. 8. For this wing consider the mass
and influence coefficient matrices to be

Fig. 3 Spectral density of bending moment SM.

To obtain the surface areas >Ts, wing area is divided into five
trapezoidal areas. The vector {A} is then found to be

2.828

1.391

1.109

1.598

0.525

x!04in2

6039

10,200

4200

72.410

114.771

150.995

195.081

231.794

144.771

253.306

461.299

714.944

943.234

3400

680

150.995

461.299

1247.53

2911.22

2508.54

1/386 (lb-sec2)/in. (28)

195.081

714.949

1911.22

1649.96

5237.54

231.794

943.234

2508.54

5237.42

8434.02

Variation of El with span is assumed to be as shown in
Fig. 9.9 Limiting analysis to the first two bending modes, the
first two natural frequencies and normal modes for this struc-
ture are determined as

0.084

0.146

0.374

0.591

1.000

0.154

0.221

0.272

-0.051

-1.000

(30)

Bending moment spectral density is then obtained from Eq.
(11) for « = 5 at three locations, i.e. x0 = 0, Xj =90 in., x2
= 186 in. It is assumed that actuator forces for this case are
placed at.y7 = 186 in., y2 = 368 in., and^5 = 458 in. The time
histories of these loads are plotted in Figs. 10-12.

As can be observed from these results, spectral densities of
wing bending exhibit sharp peaks at natural mode frequencies
where the wing response is mainly concentrated in the first
bending mode. Similar peaks occur in actuator loading spec-
tral densities. If nonsteady aerodynamic loading is included in
the formulation, these peaks would be suppressed and re-
sponse spectral densities would show a wider band random
process characteristic. Furthermore, the time histories shown
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Spectral Density of
Actuated Forc

Fig. 4 Spectral density of actuator forces Sf.

Fig. 5 Time history of actuator force Fj (2 masses).

Fig. 6 Time history of actuator force F2 (2 masses).

in these graphs are only small portions of the total time
history computed. The total length of the time history
calculated was about 50 times to that shown in Figs. 5,6, 10-
12. In Example a), the computer time (on IBM 360/91)
required to generate a set of two time histories of the total
length just described is 20 sec. Similarly, the computer time
for the set of five time histories in Example b) is 30 sec.

IV. Actuator Loading to Reproduce Combined
Effect of Torsion and Bending

Consider a cross-section of a wing where the distributed
load is acting through the aerodynamic center as shown in

Fig. 7 Wing of jet transport.

Station 0

x : locations at which moments are computed
Fig. 8 Idealized jet transport wing (5 masses).

QQ 0

\\

100 200 300 400 500

Wing station (inches)
Fig. 9 Variation of bending rigidity.

Fig. 10 Time history of actuator force Fj (5 masses).

Fig. 13. For the case with the straight elastic axis (x) along
wing span, the lift loading L (x, t ) , through'the aerodynamic
center can be transferred to an equivalent loading composed
of lift and twisting moment which are acting through the
elastic axis as shown in Fig. 14. The twisting moment can be
expressed in terms of the lift by

T(x,t)=e(x)L(x,t) (32)
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|-F2(t)

Fig. 11 Time history of actuator force F2 (5 masses).

Fig. 12 Time history of actuator force F3 (5 masses).

T ( x , t )
iL(x. t )

Fig. 14 Lift and moment
loading on the wing.

elastic axis

Fig. 15 Actuator loading
on a wing.

The quasi-static bending and twisting moments
and T)X can then be written as

L(x,t)

Fig. 13 Wing cross-

h(x,t)

aerodynamic center section.
'elastic axis

where e(x) is the eccentricity of the elastic axis from the
aerodynamic center. For a continuous system, the coupled
equations of motion can be written as

dh d2h

=L(x,t) (33)

3 dot .
-— (GJ-)
dx dx

da— -
dt dt2

-md(x) d2h
dt2 = T(x,t)=e(x)L(x,t) (34)

where h, a= vertical motion and torsional motion, respec-
tively; ch, ca = damping coefficients of vertical and torsional
motion, respectively; and mt Ia = mass and moment of inertia
per unit span, respectively.

The analysis to obtain responses h and OL can be extended to
a discrete system in a similar manner as considered in previous
sections for bending response without torsion. Following that
procedure, the spectral density matrix [5] associated with
response bending and twisting moments, M(xv,t) and
T(xv,t) evaluated at r stations (x0, xh x2f...txr_j) of struc-
tural importance, will be obtained.

To determine the time histories of the actuator loading for
laboratory testing, consider the actuator loads F]J9 F2j
U = L2,...tr) to be applied at a set of r stations (y lf y2,...,yr)
as shown in Fig. 15. In this manner, both bending and
twisting moments can be imposed to the wing when Ftj ^ F2J.

M(x»t)=

Inverting Eq. (35)

(y^xt){FllL(t)+F2i(i)\ (35)

r-l

(36)

where the elements drv are defined in Eq. (15).
The twisting moment d the elastic axis can be obtained from

— T
2 p.= v+\

(37)

where b^ is triangular matrix elements of torsional moment
arm. Inverting the above,

r-l

(38)

wherey' = 7,2,...,r, and gj9 are inverse of b^
Solving Eqs. (36) and (38),

r-l

v=0

(39)

(40)

After some manipulation, therefore, each component of the
spectral density matrix [S>] of Fn ( t ) , F2I ( t ) . F22(0*-can
be written in terms of the components of the spectral density
matrix [S] of_ M(xlt t), f(x]tt), M(x2,t),... Usingthe
equivalence [S] = [Sr], we can obtain the spectral density
matrix [S/?] in terms of [S]. If Fn(t), F2/(0,..are
generated on the basis of such matrix [S>], these forces will
produce the required bending and twisting moments (with
inertia effect taken into consideration) at specified wing
locations.

V. Conclusions
A method to generate time histories of actuator loading for

large scale laboratory testing was presented. The computer
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time necessary to perform these calculations was not ex-
pensive: it takes about 30 sec on IBM 360/91 to obtain one set
of calculations which includes response spectral densities
caused by gust and actuator loading, and time histories of ac-
tuator forces at five locations on the structure. The total time
length of these histories computed was about 2 min.

The method of analysis considered in this study is fairly
general but restricted to discrete elastic systems and stationary
random inputs. However, a segmented nonstationary process,
where gust loading is stationary within each segment but non-
stationary from one segment to another, can be included in
the formulation. Furthermore, the examples chosen are severe
idealizations of an actual aircraft-gust interaction problem.
The results shown correspond to the cases where gust loading
is assumed to be spatially uniform over the wing surface, wing
oscillations are restricted to vertical motions only, and non-
steady aerodynamic loads and rigid airplane modes are not in-
cluded. If the structural motions and aerodynamic loading are
within linear theory, the above can be included in the general
formulation presented in a straightforward fashion.

Appendix: Simulation of Multivariate Random
Processes

Consider a set of multivariate homogeneous Gaussian
processes Fj(t) (j = l,2,...,r) with mean zero and cross spec-
tral density matrix [S] where [S] is Hermitian and non-
negative definite. Then, it can be shown that a multivariate
Gaussian process can be simulated by the following series
(Ref. 7)

n=l i=l

(Al)

In Eq. (Al), the lower triangular matrix [R] is related to the
cross-spectral density matrix [S] by

and

= [R][R*]f

Im [Rjn (a?,)]

(A2)

(A3)

with \l/ni being realizations of independent random phase
angles uniformly distributed between 0 and 2ir, where * in-
dicates complex conjugate and the prime transpose.

For larger N, the computation of multivariate random
processes by Eq. (Al) can be time consuming since com-
putation time is a function of N2. To reduce computation
time, Eq. (Al) is modified to accommodate the Fast Fourier
Transform (FFT) technique. By applying a discrete inverse
Fourier transform to a complex-valued quantity Y(uk), a
discrete time history y (tn) can be obtained

whenrt = 0, 7, 2..., TV- 7, and i_ = imaginary unit, o>*-=
and tn = n&t, with At being the time increment.

Expressing Eq. (Al) in the form of Eq. (A4), we can show
that

(A5)

in which Re (F, (t) } represents the real part of F, (t) and

n=l k = l

2irkn
'- N

(A6)

2irkn
'- N

(A4)

The advantage of Eq. (A6) is such that the multivariate ran-
dom process can be computed using the FFT algorithm. Then,
utilizing Eqs. (A5) and (A6), togehter with the specified cross-
spectral density matrix, time histories of actuator forces
[F(t) ] can be obtained.
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